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Abstract
We show that a non-injective Riesz operator on an infinite-dimensional Banach space X does not
determine the complete norm topology of X. We also show that an injective operator with trivial
generalized range determines the complete norm topology of X. Finally this result is used to settle
the crucial role of the non-injectivity condition in our first result.
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1. Introduction
The uniqueness of norm problem was initiated fifty years ago by C.E. Rickart [6] and his
results were complemented by B.E. Johnson [4]. The resulting Johnson–Rickart theorem
asserts that any semi-simple Banach algebra has a unique Banach algebra topology. But
the investigation of operators determining the complete norm topology in the context of
Banach algebra is recent. It dates back to A.R. Villena [7], where it was shown that for a
compact Hausdorff space K without isolated points and f ∈ C(K), every complete norm
on C(K) which makes continuous the multiplication by f is equivalent to the supremum
norm if and only if {ω ∈ K: f (ω) = λ} has no interior points whenever λ lies in C. Later
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This leaves the more general problem of investigating those bounded linear operators T
on an infinite-dimensional Banach space (X,‖ · ‖), for which every complete norm | · | on
X making continuous the operator T from (X, | · |) into (X, | · |) is automatically equivalent
to ‖ · ‖. Such an operator is said to determine the complete norm topology of X. In the
present paper, we prove that every non-injective Riesz bounded linear operator does not
determine the complete norm topology of an arbitrary infinite-dimensional Banach space.
This generalizes an earlier result on nilpotent operators [8]. To show the crucial role of
the non-injectivity condition, we provide an example of an injective Riesz operator on an
infinite-dimensional Banach space X which determines the complete norm topology of X.
Finally, we show that every injective bounded operator with a trivial generalized range
determines the complete norm topology.
2. The result
Since the finite-dimensional situation is obviously without interest in this context, we
will deal only with infinite-dimensional Banach spaces. So, let (X,‖ · ‖) be an infinite-
dimensional Banach space over R or C, and let BL(X) denote the Banach algebra consist-
ing of all bounded linear operators on X.
Proposition 2.1. Let T be a bounded operator on an infinite-dimensional Banach space X,
such that
(i) ImT ∩ kerT = {0},
(ii) ImT is of infinite codimension in X.
Then T does not determine the complete norm topology of X.
Proof. Let a be a non-zero element of ImT ∩ kerT , and let ϕ : ImT → C be a continuous
linear functional such that ϕ(a) = 1. Since ImT has an infinite codimension in X, there
exists a discontinuous linear functional φ that extend ϕ to X. The map x → F(x) = x −
2φ(x)a defines a discontinuous linear bijection from X onto itself with F−1 = F . We
define a new norm on X by
|x| = ∥∥x − 2φ(x)a∥∥= ∥∥F(x)∥∥, for all x ∈ X.
If {xn}n is any | · |-Cauchy sequence in X, since the norm ‖ · ‖ is complete, the sequence
{F(xn)}n converges to an element y ∈ X. Now if x = F−1(y) ∈ X, we obtain
|xn − x| =
∥∥F(xn) − F(x)∥∥= ∥∥F(xn) − y∥∥−→ 0,
which implies that the norm | · | is complete. Since F is discontinuous, it follows that | · | is
not equivalent to ‖ · ‖. Moreover, as ϕ, the restriction of φ to ImT , is continuous we have
for all x ∈ X,∥ ∥ ∥ ∥ ( )|T x| = ∥T x − 2φ(T x)a∥= ∥T x − 2ϕ(T x)a∥ 1 + 2‖ϕ‖‖a‖ ‖T x‖,
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‖T x‖ = ∥∥T (x − 2φ(x)a)∥∥ ‖T ‖∥∥x − 2φ(x)a∥∥= ‖T ‖|x|.
This shows that T is continuous from (X, | · |) to itself, and consequently T does not
determine the complete norm topology of X. 
K. Jarosz established in [2, Proposition 7] the useful fact that a non-injective operator
T on a Banach space X such that kerT ∩ ImT = {0} and ImT is of infinite codimension
in X, does not determine the complete norm topology of X. Combining this with our last
result, we obtain that the condition kerT ∩ ImT = {0} is unnecessary.
Theorem 2.2. Let T be a bounded operator on an infinite-dimensional Banach space X
such that
(i) T is not injective,
(ii) ImT is of infinite codimension in X.
Then T does not determine the complete norm topology of X.
The next lemma will be very useful to give a more elementary proof of the fact that a
Riesz operator on an infinite-dimensional Banach space X has a range of infinite codimen-
sion in X. We mention that the original proof depends heavily on the non-trivial machinery
involving perturbation result on semi-Fredholm operators.
Lemma 2.3. Let T be a bounded operator on X. If kerT is finite-dimensional and ImT is
closed, then ImT n is closed for all n 1.
Proof. Let T˜ be the induced isomorphism between X/kerT and ImT given by T˜ (x +
kerT ) = T (x) for all x ∈ X. It follows that
T˜
((
ImT n + kerT )/kerT )= ImT n+1, ∀n 1.
We now prove, by induction, that ImT n is closed for each n ∈ N. The case n = 1 holds by
hypothesis. Assume then that ImT n is closed for some n 1, then taking into account that
kerT is finite-dimensional, ImT n + kerT is closed and so is ImT n+1 as desired. 
In the following we give a useful fact about the dimension of the kernel of a Riesz
operator. It is easy to see that the kernel of a nilpotent operator on an infinite-dimensional
space is infinite-dimensional.
Proposition 2.4. If T is a Riesz operator on X with a closed range and a kernel of finite
dimension, then X is finite-dimensional.
Proof. Since kerT is finite-dimensional, there exists an integer n0 such that kerT ∩
ImT n0+n = kerT ∩ ImT n0 for all n ∈ N. Let
Z =
⋂
ImT n =
⋂
ImT n.
n1 nn0
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Moreover, if Z = {0}, we will prove that the restriction T|Z of T to Z is surjective. Indeed,
if z ∈ Z there exists a sequence {zn} in X such that z = T n(zn) for all n ∈ N, then
T n(zn+1) − T n0(zn0+1) ∈ kerT ∩ ImT n0 = kerT ∩ Z, ∀n n0.
Hence,
T n(zn+1) − T n0(zn0+1) ∈ Z, ∀n n0,
and T n0(zn0+1) ∈ Z + ImT n ⊆ ImT n, ∀n n0, which shows that
z = T (T n0(zn0+1)) ∈ T (Z).
Consequently, the restriction T|Z of T to Z is a surjective Riesz operator on Z and so
0 /∈ σsu(T|Z) (the surjectivity spectrum of T|Z). Since Riesz operators are decomposable
[5, Theorem 1.4.7], Proposition 1.3.3 in [5] now shows that σsu(T|Z) equals σap(T|Z) (the
approximate point spectrum of T|Z). Therefore T|Z is injective and so {0} = kerT ∩ Z =
kerT ∩ ImT n0 . On the other hand, if ImT n0 = {0}, the operator T| ImT n0 from ImT n0 to
itself is injective with closed range and so 0 /∈ σap(T| ImT n0 ) = σ(T| ImT n0 ), which proves
that ImT n0 = {0} and T is nilpotent, this forces X to be finite-dimensional, the desired
result. 
Proposition 2.5. If T is a Riesz operator on an infinite-dimensional Banach space X, then
ImT is of infinite codimension.
Proof. Assume that the codimension of ImT is finite. Then ImT , by [5, Lemma 3.1.2],
is closed, and by the closed range theorem ImT ∗ is also closed. Since dim kerT ∗ =
codim ImT is finite, it follows from Proposition 2.4 that X∗, and so X, is finite-
dimensional, which gives a contradiction. 
We are now ready to prove our main result.
Theorem 2.6. Let T be a Riesz operator on an infinite-dimensional Banach space X. If T
is not injective then T does not determine the complete norm topology of X.
Proof. By Proposition 2.5, ImT is of infinite codimension. It follows from Theorem 2.2
that T does not determine the complete norm topology. 
Corollary 2.7. Let T be either a quasi-nilpotent or a compact bounded operator on an
infinite-dimensional Banach space X. If T is not injective then T does not determine the
complete norm topology of X.
A nice and simple description of Riesz operators in local spectral terms shows that Riesz
operators on a Banach space X are precisely those decomposable operators T for which
the local spectral subspaces XT (F ), where F ⊆ C \ {0} is closed, are finite-dimensional.
The following result gives a class of decomposable operators that fail to determine the
complete norm topology. For the basic theory of decomposable operators, we refer to [5].
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point λ in σ(T ) such that λ ∈ σp(T ) and the local spectral subspace of T , XT ({λ}), is
infinite-dimensional, then T does not determine the complete norm topology of X.
Proof. Let λ ∈ σp(T ) satisfying the above conditions. Since T is decomposable, X =
XT ({λ})⊕XT (C \ {λ}). Now if S is the restriction of T to the T -invariant closed subspace
XT ({λ}), the operator S−λ is quasi-nilpotent and since {0} = ker(T −λ) ⊆ XT ({λ}), S−λ
is not injective. Then S−λ, and so S does not determine the complete norm topology of the
infinite-dimensional space XT ({λ}) and consequently T does not determine the complete
norm topology of X. 
The following result deals with operators determining the complete norm topology of a
Banach space.
Theorem 2.9. Let T be a bounded injective operator on X such that ⋂n1 ImT n = {0}.
Then T determines the complete norm topology of X.
Proof. Let | · | be a complete norm on X making T continuous. Denote by S the separating
subspace for the identity map from (X, | · |) to (X,‖ · ‖). The stability lemma (see for
instance [1, Theorem 5.2.5 (ii)]) yields an integer N such that
T N(S) = T n(S), ∀nN,
this implies
T
(
T N(S))= T N+1(S) = T N(S).
Set Z = T N(S). Then T (Z) = Z and [5, Lemma 5.4.4] gives a dense linear subspace Z0
of Z such that T n(Z0) = Z0 for each nN . This clearly forces that Z0 = {0} and so that
Z = {0}. Since T is injective, it follows that S = {0} and consequently | · | is equivalent to
‖ · ‖, as desired. 
This result provides a list of examples of operators determining the complete norm
topology. This include all shift operators on any Banach space as well as the right trans-
lation operators on the Lebesgue spaces Lp(R+) on the half-line R+ = [0,∞) for any
1 p ∞.
Our next goal is to show that the condition of non-injectivity in Theorem 2.6 cannot be
dropped.
Example. Let (sn)n be a real sequence such that 0 < sn  1 for all n ∈ N. The correspond-
ing weighted right shift T on p(N), with 1 p < ∞, is specified by the assignment
T (en) = snen+1 for all n ∈ N,
where (en)n is the canonical basis of p(N). It is immediate that T is a bounded injective
operator with ‖T ‖  1 and ⋂n1 ImT n = {0}. Moreover, if limn→∞ sn = 0, then T is
quasi-nilpotent and compact. In particular, it follows that T determines the complete norm
topology of p(N).
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pact, Riesz) operator determines the complete norm topology of an infinite-dimensional
Banach space.
The latter question may put out a challenge, as illustrated, for instance, by the case
indicated to us by A. Villena of the Volterra operator. Let X = C([0,1]), and let T ∈ BL(X)
be given by
(Tf )(t) =
t∫
0
f (s) ds, ∀f ∈ X and t ∈ [0,1].
Then T is injective, compact, and quasi-nilpotent. On the other hand,⋂n1 ImT n consists
precisely of all infinitely differentiable complex-valued functions on [0,1] which, along
with all their derivatives, vanish at 0. But the question if Volterra operator determines or
not the complete norm topology of C([0,1]) is at present far from being solved.
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